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are a generalization of the Gell-Mann matrices
of SU(3). Throughout this letter a sum over repeated























where Ad stands for the adjoint representation of SU(d).
We also recall the orthogonality of the irreducible repre-





























































for qubits. That concludes the rst part of this letter.
The key ingredient of the derivation above is the or-
thogonality relation of the group representations, exem-
plied by Eqs. 6 and 7. We will show that it is possible
to nd a discrete version of these equations. Namely, one







































With this we can reverse the steps going from (2) to (8)
using the relations (10) and (11) instead of their contin-











This equation has a very convenient form which allows
setting up experimental tests to determine the delity of
a gate or channel, as will be discussed below.
Let us briey discuss the solutions to Eqs. 10 and 11.
The idea is to generalize the concept of a nite set of
isotropically distributed unit vectors introduced in [6] and
adapt it to the problem at hand. A suÆcient condi-
tion for (12) to hold can be obtained by contracting (10)
and (11) with n
a
0







































In this sense, we may qualify the set fn
r
g as isotropically
distributed (as far as the adjoint representation SU(d) is
concerned). We have traded the problem of nding fU
r
g
for that of nding fn
r
g. Note, however that the set of ma-
trices fAdUg is a proper subgroup of SO(d
2
 1). Hence,





will come back to this issue below. The relations (10),
(11) and (14) also appear in the rather dierent context:
the construction of nite positive operator valued mea-
surements which are optimal for communicating a direc-
tion [6, 7, 8]. Leaving aside an overall trivial normaliza-










= d), the results in those papers can be readily
used here. In particular, it is proved in [8] that solutions
of (14) exist and the minimal one is given by a set of d
2
vectors pointing at the vertices of a regular hypertetra-
hedron or, more properly, (d
2















; r 6= s; (15)
and the exact overall orientation has to be chosen so that
all vectors ~n
r
are of the form (13). For this hypertetra-
hedron all the coeÆcients c
r





, r = 1; 2; : : : ; d
2
. A explicit form of ~n
r
for
SU(3) can be found in [8], where also the general case
is briey discussed. The solution is more conveniently




































; r 6= s: (17)
Since this equation is a condition on states, Eq 13 is au-
tomatically satised by the corresponding Bloch vectors.















; r = 1; 2; 3: (18)
The remaining six states are obtained by applying cyclic
permutations to the components of j 
1{3
i (a dierent
3choice of states is given in [8]). Froma experimental point
of view, the states (18) have a very appealing form; each
of them involves a linear combination of only two states
of the computational basis. If the qutrit is implemented
by say three atomic levels, only two levels need to be
manipulated to prepare each one of the 
r
.
In the SU(2) case, a solution in terms of ~n
r
is more
simple and transparent, mainly because SU(2) is isomor-
phic to SO(3), which makes (13) trivially satised by any
vector of S
2


















are again obtained by applying cyclic permu-
tations to the components of ~n
2
.















which is the SU(d) generalization of Bowdrey's SU(2) for-
mula. This equation is our main result and provides a
remarkably simple procedure for measuring F (E). One
just has to average the delities for d
2
isotropically dis-
tributed pure states. Notice that all state preparations

r
have the same weight in the average, thus reducing
systematic errors. In some sense, Eq. 20 can be regarded
as the average survival rate of the states f
r
g in a quan-
tum channel characterized by the linear map E . There
is a alternative way of writing (20) which may provide










= 1 ) of a minimal POVM. Thus,
the states 
r
are just the preparations produced by the
device characterized by fO
r













We readily see that the same device fO
r
g could be used
for the preparations of the pure states f
r
g as well as for
the measurements over fE(
r
)g.
Although we have presented the results for the mini-
mal sets of 
r
, for practical reasons, one may wish to use
a larger number of states. This possibility is easily imple-
mented in this framework, as conditions (13) and (14) are
not specic of minimal sets but entirely general. E.g., for
qubits one can nd a set of six states whose Bloch vectors
point at the vertices of a regular octahedron [2, 5, 7]). In
this case there is a simple setting for preparing the states,
just three Stern-Gerlach's oriented along the three or-
thogonal directions.
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